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Beam Types A $
> €14
FIXED FREE.
» Cantilever
. L
+ Simple ;%7 :?r
HINGE ROLLER
« Simple with Cantilever
* Continuous (multi-span)
HiIHGE ROLLER

> bk )
A %7 R

LA ROLLER ROLLER
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Support Conditions

Roller
Fixed in Fy
x o
Hinge (Pinned) Hi1 & GE ROLLER
Fixed in Fx
Fixed in Fy
Fixed

Fixed in Fx G gir —
Fixed in Fy / FREE.
Fixed in Mz FIxep
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Connection Types

Bearing (or simple)

Slip Critical (or fixed)
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Internal Shear and Moment

Cutting any section through a beam will
reveal internal shear and moment forces

necessary to maintain static equilibrium.

The shears can be determined by
summing vertical forces and the
moments by summing moments.
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Sign Convention for Shear

+ the sum of the vertical forces to the
left of the cut is upwards

- the sum of the vertical forces to the
left of the cut is downwards

Sign Convention for Moment
+ the top fibers are in compression
- the top fibers are in tension

the European moment convention is the
reverse
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Sign Convention for Moment

P
+ positive curvature (holds water) J’
e —

- negative curvature (spills water) T SN~ —_——. TK
the European moment convention is the Re '+‘ &
reverse
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GE R
1\
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Relationships of Forces and Deformations

There are a series of relationships among forces and deformations in a beam, which can be useful
in analysis. Using either the deflection or load as a starting point, the following characteristics can

be discovered by taking successive derivatives or integrals of the beam equations.

V= 'f wdx

M = [Vx
6= f o Ix
y= j()c/x
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Methods to Determine Values of Shear and Moment

1. Equilibrium Method
. Select a point along the beam
«  Cuta section and draw the FBD *~

. Solve for the internal shear and moment forces at the section

2. Integration of Equations

. Write the equation of the load function
. Integrate load equation to get shear equation
abiase it L)
. Solve integration constant (use end reaction)
. Integrate shear equation to get moment equation
. Solve integration constant (use point with zero moment, e.g. end point)

3. Semi-graphical Method

. Draw load diagram and solve end reactions with equilibrium equations.

. Start at left and construct the shear diagram using point loads and areas on load diagram
. Calculate areas of shear diagram to find change in value on moment diagram

. Find points of zero moment to begin moment diagram, e.g. end points

4. Superposition of Equations fA

. Break the loading into standard cases
. Use given equations to solve shear and moment for each case
. Add the cases to get combined values of original loading
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1. Equilibrium Method - procedure

o~
(A
. G lo-¢
To plot the change of internal shear or moment 7
forces, a series of sections can be cut along the J/K ' l 0 ax
beam. The exposed forces can be calculated. (%) ‘tlt 4 4 G 4——
_ K
A section should not be cut “through” an v V=6 )
applied force, but either a bit to the left or to the I 5“ M=¢(z)=
right of the force. K )
6" X/
z loK
Either the “left” or “right” free body diagram may be wLﬁ -V=z46-10=4
used to calculate the forces. The sign convention K 4 N 5 () -
described earlier must be consistently applied. K’l\ ) N M=Gle)- ’g z
6 L XZG N3 36 -2 ’(’
1T 1

2 \Lto: Vzb-toz -4
&t [2«s>-w>
1

X3
1" 48 -40='g' ™~
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1. Equilibrium Method - example

M lo*
x1mt§ P .*-JLL é jtsM
¢l )V 6 _4__} = 4

N

-l

Tabulated Results of FBD Calculations

.| lo®
Cut Location Shear Moment 4 } 6
FromR (ft) V (k M (k-ft o
! L (ft) O( ) 0( ) o 1‘4 "
0+ 6 0
1 6 6 6“ i (’K
=2 6 12 e '
4 6 24 5 4'& _J‘ _4 5
4+ -4 24 —
5 4 20 : 24 %!
s 55
7 -4 12 ;
8 4 8 M
9 -4 4 o
10- -4 o+ &(°) = 10" (C)
10+ 0 0
bo -(o =O
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1. Equilibrium Method - example

(w'XBX/l
G 4 KLF M

lbx:t——)i——n{‘ v

Tabulated Results of FBD Calculations

Cut Location Shear Moment
FromR_(ft) V (k) M (k-ft)
0- 0

—

0+ 0
14
24
30
32
30
24 -

14 i [eABoLic

S M .
Hé('—l’)-/’é(__z_?

64 - 31 =32
lo(2) -32(4) = ©

8 -
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1. Equilibrium Method - example

()

‘J

/W:%x

6

Tabulated Results of

P x Jtvbm

FBD Calculations

Cut Location Shear Moment
From R_(f) V (k) M (k-ft)
0- 0 0
0+ 6 0

1 578 6.9
2 5.11 11.4
3 4.00 , 16.0
4 244 19.3
5 0.44 20.74

52 g
6 -2.00 20.0

7 4.90 16.6

8 8.24 10.0

9- -12.00 0

9+ 0 0
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Relationships of Forces and Deformations - procedure

There are a series of relationships among forces and deformations in a beam, which can be useful
in analysis. Using either the deflection or load as a starting point, the following characteristics can
be discovered by taking successive derivatives or integrals of the beam equations.
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|
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{ ]
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Moment M \
i
\
E
| 1
ot
1
1 I
Slope 9 - /-—l
LB
N
| | Bg-8,7 Fydx
{ \
Deflection L

t
Yg~ Yp = O0x
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d®y

shear b -
_dy
moment = dn?
_ %
slope = 0

deflection = y

V
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2. Shear and Moment by Integration - example

One method of solving shear and moment forces is to write the loading equation and solve
the integration equations for the shear and moment. One problem using this method can be
finding the constant of integration, particularly with discontinuous load functions.

pr
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3. Shear and Moment by Semi-graphical Method — diagram relationships

pa—

By recognizing the diagrammatic relationships between curves and their derivatives and
integrals, shear and moment diagrams can be constructed based on areas and slopes of those
curves.

Moving from Upper to Lower Diagrams:

+ The area between any two points on the
upper diagram is equal to the change in
value between same points on the lower
diagram.

* The degree of tIWes by one
for each diagram.

* The value on the upper diagram is equal to
the slope of the lower diagram.

*  Where the upper diagram crosses the 0
axis, the lower diagram is at a maximunm or
minimum.

» Points of inflection or “contraflexure”
(between + and — curvature) on the elastic
curve (deflected shape) are points of zero
moment. M=0

&
————F 7
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3. Semi-graphical Method

FRACTIONAL AREAS OF ENCLOSURE RECTANGLES

k- Va—p—2s —)

FRACTION OF RECTANGULAR
CURVES TANGENT To n AREAS SHown —> O
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MOYE REVFRSE POSSIBILITIES @ \ p,”;;us,af,;”o’z' dapIaAc
6

g

5 %
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o F—%—’i"%"’ "——-”/5'—*1 %5
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®
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3. Semi-graphical Method

Procedure:

v

1. Find end reactions

1]

2. Start at left end of V-Diagram and “apply
load from left to right

3. Calculate areas of V-Diagram

4. Find max. and min. values on
M-Diagram using V-Diagram areas
between axis crossings.

5. Check slope and + or - values
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. ) 4 ~/
3. Semi-graphical Method l i (£
1 KLF v o° .
L i
/>< S
< o lo!
Cantilever Beam T "
|
V s i
{ T, —@ @
| - -0k
/ ( P
~or| 5O
v
""bb K-Fr
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3. Semi-graphical Method

example

Beam with cantilever
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3. Semi-graphical Method

example
P 2o
v+
Simple beam L
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3. Semi-graphical Method - Superposition

Lo
=
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Equations Method

For simple spans:
V, ..« IS the larger reaction

For symmetric loadings:
M, ..x is at C.L.

For cantilevers:
Both V.., and M__ are at the support

1. SIMPLE BEAM—UNIFORMLY DISTRIBUTED LOAD
Total Equiv. Uniform Load

/
T w
R=V o one o mn e osms s
[NNRRNRRNNRRER|
R R »
/ ; V! csnastssmisaaines
lem Lot L ]
2 2
V[ Mo (atoenter) .« o oo s ww s wins
Shear _IV
7
M,,L_ Apax (atcenter) . .. ... ......
t
wx
Hdomant Ay aryr P -202 + %)

2. SIMPLE BEAM—LOAD INCREASING UNIFORMLY TO ONE END
16W

Total Equiv. Uniform Load . . . . .. o 1.0264W
= ! Ri=Vieooi e ¥
Lt )
2W
A, A, Ro=Vamax o o ooe e =3
[ .5774/ —>{ - _ W oWl
A N DN =37
v
1
Shear _;V I 2WL
2 Mo (atx=T3=.5774!) ....... =0 2w
W
T My =22 (P-2)
s 3/
3
L Woment Amax (atx:Nl—:l% =.51930) . . =o.0130—g
A e =1

" 180EI2

GBx* - 1022 + 7%

7. SIMPLE BEAM—CONCENTRATED LOAD AT CENTER

Total Equiv. Uniform Load =2P

In these equations: o I° ReV a
w = load per unit length (PLF or KLF) ettt Man @pointofiond a ’%(-2—3) =50
W = the total load (LB or KIP) Iy e meed) e = =
M”lx_—‘ Apax  (atpointofload) . .......... = %
b A whenz<:| ... L. =P ap_gp
AISC Manual o e i
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4. Superposition of Equations
f
b
Equations of shear or moment may be
quat . y T Mg: P L y;
combined (superimposed) for any number f/ 4 f'/
of cases. 2 z
BUT +
The appropriate location along the beam for W
which the equation is valid must be L—_—_l
maintained 2‘ g -Lw i + L
W ey o
= £ 2
Thus TOTAL p
At the reaction, V = P/2 + wL/2 w \’/
And at the C.L. M = PL/4 + wL2/8 ,F'""" & ,r'[
L wl? f ‘_*_’.l:
—Ef% % LAY 2t 2
$o 425 = E2Y
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Non-symmetric

5. SIMPLE BEAM—UNIFORM LOAD PARTIALLY DISTRIBUTED AT ONE END

1 Ry = Vi max,
For more complex loads, care T . Ra=Vaovee e -
must be taken to combine R‘f-/_j’?”‘\ R ve  (whenx<a) ... -
. . R
equations at the same location rHL_/——— Mmax(atx = L) L -
or point on the beam (x). ¥ Db B (wenxca) -
(—W'—) snear My (when x > a) =
Mis Ax (when x < a)
S Ax (whenx>a) R

8. SIMPLE BEAM-—CONCENTRATED LOAD

A TRy,
1 -—
21
Ri1 — wx
_ Ra2
2w
wx2
Rix— 3
Rz (I—x)

wa2(l— x)

54ET7 (4x] —2x2 — a2)

AT ANY POINT

_ 8Pab

I Total Equiv. Uniform Load . 2
‘.x"l B Ry = Vg(max. when a_<__l_:) e e
Ry Ry Ra = V:(max. when a > b) ..... —Pll
== M max.( at point of load ) e e . = L:"l
AN Pox
TTTTIITTT IVzMX ( whenx < a ) S iy
Shear Amax. (atx =‘l_—w when a > b) = Pab +22!;)EI ?a (@ +2b)
Mmax. Aa ( at point of load ) e e e . = F;a;.b;
T p— Ax ( whenx < a ) e e . = 6;‘:"1 (12— b2 —x1)
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4. Superposition of Equations - example
find combined x for asymmetric cases
(NOTE: VARIABLES DIFFER
ENP REACTIONS IN DIFFERENT EQUATIONS) '
W" ZOK K
Ll (2053 PL : t 8
R, = ‘—7 S 7 w= 2 KLF | \L
e ( [ + ]
_ z2.(10) (2(z0)- 10) & (5) :
R.= 0(zo) -5 Z0 Trp‘ : THK
K ! 1o (| 7 s
Reetlzl 2 =1lF A~ T
—_— |

MOMERT EQuATIONS AT x?

_wxt FLx

1 AvD X : DIFFERENTIATE AND S0WE
AT 0 (M max )

} _uK
_Kl - w¥ _flo' | ‘
TS AR IR W o) 1
x=8.5' | II
— A
AsD 2 [ 8(s5X8.5) | |
M"M’X= /;(8.5‘) 7 20 O: = o
= )
R o AR R o ) S I
[aVaV-
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Slmp|e VS. Continuous Beams 34. CONTINUOUS BEAM—THREE EQUAL SPANS—ONE END SPAN UNLOADED

wl w
AE‘Lllllf;llllll\Vl’i‘[élll]lll;llll‘(ﬁ_ﬁ}"c l _ID
. Ra =0.383 wl Re = 1.20 wl Rc = 0.450 wl Ro = —0.033 wl
+ Simple Beam 0.383 wl 0-583wlhﬂmN&9,3_L3Jﬁ - 0033wlw
_ SHEAR 0.617 wi 0.417 wi :
— End moments =0 Nﬂmw,z
_ Mmax at CL — WL2/8 — 0125WL2 +0.0735 wiz 7{}\ +-0.0534 wiz | —0.0333 wiz
MOMENT 0.3831 |+ w1 ]
. 0.583 1
. Continuous Beam A Max. (0.430 . from A) = 0.0059 wi*/El
. _ 35. CONTINUOUS BEAM—THREE EQUAL SPANS—END SPANS LOADED
— Exterior end moments =0 wl W
— Interior support moments are ) P TN | Y S N S
i Ra = 0.450 wl Re = 0.550 wl Rc = 0.550 wl Ro = 0.450 wl
usually negative 0450 wh oo OO e 4
0.550 wi .
— Mid-span moments are usually SHEAR N
ositive +ow0swie AT +0.1013 wiz
p MOMENT OANILLHM’ i %Am,
— End + Mid = 0.125wL2 :

A Max. (0.479 ! from A or D) = 0.0099 wi*/El

36. CONTINUOUS BEAM—THREE EQUAL SPANS—ALL SPANS LOADED

At 1 1B 1 Ic l 1o
T T
RA— 0400wl  Re=1l0wl  Re=110wl  po 0400wl
0.400 01 P 0500 wilbere 0,600 wil Ty
wl 0.600 wl L 0.500 wl —==111]0.400 wl
SHEAR
—0.100 wi? —0.100 wiz
+0.080 wi2 #Mo.ozs w%}[\ +0.080 w2
MOMENT | 4001 0.5007 | 0.5001 0.400 1
<
Note: moments shown reversed 5 M. 0,486 1 from A or D) — 0.0069 iyl
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Moment Diagram vs. Catenary Curve

For a gravity loaded simple span beam the shape of
the of the moment diagram is the inverse of the
catenary curve.
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